In the considered bond market, there are N zero-coupon bonds transacted continuously, which will mature at equally spaced dates. A duration of bond portfolios under stochastic interest rate model is introduced, which provides a measurement for the interest rate risk. Then we consider an optimal bond investment term-structure management problem using this duration as a performance index, and with the short-term interest rate process satisfying some stochastic differential equation. Under some technique conditions, an optimal bond portfolio process is obtained.
2 Bond portfolio's duration of the total cash will be received two years later. Thus, for the first bond, the waiting time to get all cash is two years. But for the second bond, the weighted-average waiting time to get all cash (which is called the weighted-average life) is 50 100 × 1 + 50 100 × 2 = 1.5.
(1.1)
The weighted-average life is not the best measure of rate sensitivity because it does not reflect the differences caused by the time value of money: bonds with earlier cash flows are more valuable than bonds with later cash flows. For example, the $50 received one year later is more valuable than the $50 received two years later usually. It turns out that a weighted average of the present values of those cash flows is a better measurement of the bond's volatility. This average is called the bond's duration. For the above example, let the annual interest rate be r > 0. Then the second bond's duration is 50 50 + 50/(1 + r) × 1 + 50/(1 + r) 50 + 50/(1 + r) × 2 = 3 + r 2 + r < 1.5.
(1.2)
In general, for a coupon bond with maturity k (which will be called a k-coupon bond), the holder will receive coupon payments C n at time n, where 1 ≤ n ≤ k − 1, and will receive the last payment C k consists of the last coupon payment and the par value at maturity k. For such a coupon bond, similar to (1.1), the average waiting time to get the cash flow is We call D M the (traditional) duration (under continuously compounded interest rate) of this coupon bond (see [2, 3, 7, 9, 22] ). The (traditional) duration improves upon weighted-average life by reflecting the relative importance of the timing of the cash flows. It does this by weighting the time of receipt of each cash flow by the present value of the cash flow. The traditional duration has a very important property. Denote P(R) to be the market value of this coupon bond, emphasizing the dependence on the interest rate R, then (1.5)
P(R)
We have dP dR
That is
This property characterizes the sensitivity of bond price to the interest rate. When the interest rate has a fluctuation ΔR instantaneously, by (1.7), we have
This means that if the k-coupon bond's duration is 10, then every one basis point increase of the interest rate (i.e., ΔR = 0.01%) will result in ten basis point decrease of the bond price. In contrast, every one basis point decrease of the interest rate will result in ten basis point increase of the bond price. For example, for a coupon bond with duration 10 at time t and with market value 100$, if the interest rate increases 0.01%, by (1.8), we have
That is, the market value of this coupon bond will approximately decrease to 99.9$; and if the interest rate decreases 0.01%, the market value of this coupon bond will approximately increase to 100.1$. Due to this property, the traditional duration is a very important index which can reflect the interest rate risk. Unfortunately, there is a very uncomfortable defect of the traditional duration: it assumes that the yield curves are flat and shift in a parallel manner, the short-term yield is the same as the long-term yield. In (1.4), the discount interest rate for different waiting time is similar. That is, if the discount interest rate for one year it is 2.00%, for ten years is also 2.00%. Clearly, this is improper.
To get rid of the above-mentioned defect, we could modify (1.4) by using different discount interest rate for different waiting time. That is,
However, we know that the traditional duration can be used to characterize interest rate risk directly, since it has an important property (1.7). But the "modified duration" D M defined by (1.10) does not have such a property. Thus, to find a proper index which not only can offset the defect of the traditional duration but also can characterize interest rate risk, the modification like (1.10) is insufficient. There are several definitions about modified duration, such as key rate duration (see [14] ) and efficient duration (see [9, Chapter 4] , and for other definitions of "modified duration"). But still can not get rid of the defects.
In what follows, we will introduce a more general definition of duration (which might be regarded as an index of interest rate risk). We will work under a stochastic short-term interest rate model.
As we know, the coupon bond can be viewed as a portfolio of zero-coupon bonds. Hence, we need only to consider the portfolio of zero-coupon bonds below.
Bond portfolio's duration
We assume that, at any given time, there are always N zero-coupon bonds being traded continuously in the bond market. At time 0 (the initial time), the maturities of these N bonds are k = 1,2,...,N, respectively. That is, after every unit time, there will be a bond matured. We call the zero-coupon bond maturing at time k a k-bond. At time t = 1, the 1-bond is matured, and at the same time, a new bond with maturity N + 1 is issued. Similar, at any time t ≥ 0, the maturities of these N bonds are k = [t] + 1,[t] + 2,..., [t] + N, where [t] is the largest integer less than or equal to t. Let the price of k-bond at time t be P(t,k). For convenience, we assume that
to be the continuously compounded yield of k-bond at time t. Thus
The relationship between the yields to maturity of zero-coupon bonds and the terms to maturity is known as the terms structure of interest rates, and it is represented graphically by the yield curve. In the definition of traditional duration, it assumes that the yield curves are flat and shift in a parallel manner. In fact, the term structure exhibits different patterns of changes over time. The yield curve can be of any of the following four shapes (for more details, see [12] ).
(1) The normal yield curve, that is, the yield curve upward sloping: the short-term yield is lower than the long-term yield.
(2) Inverted yield curve: the short-term yield is higher than the long-term yield. (3) Flat yield curve: the short-term yield is the same as the long-term yield. (4) Humped yield curve: the intermediate yield is higher than both the short-term and long-term yields.
Theoretical models of the term structure of interest rates are of interest to both practitioners and financial academics. In this paper, we will use a continuous time diffusion model to characterize the dynamics of the short-term interest rate. Denote r(·) to be the short-term interest rate process, which satisfies some stochastic differential equation. Under this stochastic short-term interest rate model, we will proposes a new interest rate risk measure that would help investors and bank monitors in assessing interest rate risk.
We know that the price of k-bond at time t is determined by interest rate r(t) under some technique conditions. That is, there are smooth functions ϕ k (·,·) such that
Denote V (t,r(t)) to be the investor's total wealth invested in zero-coupon bonds at time t, corresponding to bond portfolio π(t) := (π 1 (t),π 2 (t),...,π N (t)), where π n (t) is the share number of the ([t] + n)-bond held by investor at time t:
r(t) .
(1.14)
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Inspired by (1.7), the duration of bond portfolio π(t) under stochastic interest rate model should be defined as follows.
Definition 1.1. For given time t and bond portfolio π(t), denote
D t,π(t) := − V r t,r(t) V t,r(t) . (1.15) Call D(t,
π(t)) the duration of bond portfolio π(t).
Similar to the traditional duration of coupon bond, zero-coupon bond portfolio's duration D(t;π(t)) defined by (1.15) is also a very good index of interest rate risk of bond portfolio π(t). That is, if bond portfolio's duration equals 10, then for every one basis point increase of short-term interest rate at time t, there will be ten basis point decrease of market value of the bond portfolio π(t). Contrarily, for every one basis point decrease of short-term interest rate at time t, there will be ten basis point increase of market value of the bond portfolio π(t). To compare with the traditional duration, we need not assume that the term structure is flat. Moreover, the traditional duration is a special case of Definition 1.
..,N, by Definition 1.1 and (1.13), we have
where
This time, the bond portfolio's duration D(0,C(t)) is similar to the traditional duration defined in (1.4). Let Π ad [0,T] be the set of admissible bond portfolio processes (see Section 3 for details). Denote x and X(T,π(t)) to be initial wealth and the total wealth at time T, respectively. Moreover,
is the investment yield corresponding to admissible portfolio process
Then, under the above index of bond portfolio's interest rate risk, the bonds investment term-structure management problem can be stated as follows.
Problem 1.2.
For given initial wealth x > 0, find an admissible bond portfolio process
The rest of this paper is organized as follows. In Section 2, we will give a definition of bond portfolio's duration under stochastic interest rate model. In Section 3, we will formulate the bond investment term structure management problem and the optimal portfolio process will be characterized. Some special case will be discussed in Section 4.
Continuous-time bond market and the duration of zero-coupon bond's portfolio
In this section, we will consider the duration of zero-coupon bond's portfolio under a given stochastic interest rate model.
Suppose that the short-term interest rate (or the instantaneous interest rate) r(·) is a diffusion process which satisfies the following stochastic differential equation:
Here {W (t), t ≥ 0} is a standard Brownian motion, defined on a complete filtered probability space (Ω,Ᏺ,P,{Ᏺ t } t≥0 ), and Ᏺ t is the P-augmentation of the filtration
As mentioned in the previous section, we assume that there are always one common bond and N zero-coupon bonds transacted continuously in the bond market. At any time t ≥ 0, the maturities of these N bonds are
Denote the price of k-bond and common bond at time t to be P(t,k) and P 0 (t), respectively. The price process of common bond P 0 (·) satisfies the following differential equation:
We usually take the common bond as an account of money market (or bank). The price processes of k-bond, P(·,k), k = 1,2,..., satisfy the following stochastic differential equations: 
Moreover, there is a unique classical solution ϕ k of the following partial differential equation: 5) such that
Proof. 
(2.8)
Denote P λ to be a probability measure such that dP λ /dP = θ(T). Then it is equivalent to P. By Girsanov's theorem, W λ (·) is a standard Brownian motion under P λ . By (2.3), we have
Consequently,
where E λ is the expectation under the probability measure P λ . Then (2.4) holds.
Denote
By (2.7), we have
8 Bond portfolio's duration Now, we consider an investor who has initial wealth x > 0. Denote B(t) and π n (t) to be the market value of common bond and share number of ([t] + n)-bond held by the investor at time t, respectively, where n = 1,2,...,N. We call (B(·),π(·)) an investment strategy. For given trading strategy (B(·),π(·)), denote the total wealth of the investor at time t by X(t),
Definition 2.2. For a given investment term T > 0, the investment strategy (B(·),π(·)) is said to be self-financing on [0,T], if dX(t) = B(t)r(t)dt
It is easy to check that the wealth process X(·) corresponding to self-financing investment strategy (B(·),π(·)) satisfies the following stochastic differential equation:
dX(t) = X(t)r(t) +

N n=1 π n (t)Λ t,r(t) P t,[t] + n z t,[t] + n dt
+ N n=1 π n (
t)P t,[t] + n z t,[t] + n dW(t), t ≥ 0,
Hereafter, we always assume that the investment strategy (B(·),π(·)) is self-financing. By (2.15), the wealth process X(·) can be determined by π(·) = (π 1 (·),π 2 (·),...,π N (·)) and initial wealth x. Define 20) to be the proportion of ([t] + n)-bond's market value held by the investor to his total wealth at time t. Consequently, we have
(2.16) Any π(·) ∈ Π[0,T] is called a bond portfolio process. To emphasize the dependence of portfolio process π(·) ∈ Π[0,T] and initial wealth x, we denote the investor's total wealth at time t to be X(t,x,π(·)), and the market value of common bond held by the investor to be B(t,x,π(·)). Thus
B t,x,π(·) := X t,x,π(·) −
α n (t) := π n (t)P t,[t] + n X(t) , n = 1,2,...,N,(2.D t;π(·) = − 1 X(t) N n=1 π n (t)ϕ [t]+n r t,r(t) = − N n=1 π n (t) X(t) ϕ [t]+n r t,r(t) = − N n=1 π n (t)ϕ [t]+n t,r(t) X(t) ϕ [t]+n r t,r(t) ϕ [t]+n t,r(t) = − N n=1 α n (t) ϕ [t]+n r t,r(t) ϕ [t]+n t,r(t) = − N n=1 α n (t) z
t,[t] + n ζ(t,r(t)) . (2.21) The last equation is derived from (2.11). Take D(t;α(·)) instead of D(t;π(t)), then
D t;α(·) = − N n=1 α n (t) ϕ [t]+n r t,r(t) ϕ [t]+n t,r(t) , (2.22) D t;α(·) = − N n=1 α n (t) z
t,[t] + n ζ t,r(t) . (2.23) The relationship between D(t;α(·)) and D(t;π(t)) is
D t;α(·) = D t;X(t)α(t) .
(2.24)
Bond investment term-structure management problem
For a given investment term T, suppose there is an investor who wants to invest his initial wealth x > 0 in the market. Then the term-structure management problem he will face is the following: at any time t ∈ [0,T], he must determine the term structure of his portfolio, that is, how much money will be invested in different bonds. In other words, 10 Bond portfolio's duration the investment problem is to select an appropriate portfolio process π(·) ∈ Π[0,T] which must satisfy some additional constraints, to achieve the investor's objective: return, risk, and liquidity. Now we introduce the constraint conditions and the investor's objective. Firstly, the investor must guarantee that he will never be bankrupt during [0,T]. That is, the investor's wealth process X(·) must satisfies the following constraint:
As mentioned in Section 2, we denote α i (t), i = 1,2,...,N, to be the ratio at time t of the market value of ([t] + i)-bond held by the investor to his total wealth, that is, π i (t) = α i (t)X(t). Now we denote
to be the feasible bond portfolio process set on [0,T]. Any α(·) ∈ Ꮽ[0,T] is called a feasible bond portfolio process, or portfolio process, for short. For any self-financing portfolio process α(·) ∈ Ꮽ[0,T] and initial wealth x, it is easy to check that the investor's total wealth process X(·) satisfies the following stochastic differential equation:
r(t) z t,[t] + n dt
Similar to Section 2, sometimes we will write the investor's total wealth at time t to be X(t,x,α(·)), emphasizing the dependent of initial wealth x and the portfolio process
Hence, when x > 0, we have
Secondly, interest rate risk must be considered by the investor. We know that the market value of bond portfolio will be influenced by the movement of interest rate. Thus the investor wants to know that if there is one basis point change of short-term interest rate, how many basis points the market value of his portfolio will be changed? Usually, there is an interest rate risk limit which can be accepted by the investor. So we assume that there is a constant D 0 ≥ 0 such that the admissible bond portfolio process α(·) must satisfy the following constraint:
D(t;α(·)) := D(t;α(t)X(t,x,α(·))
). Inequality (3.7) is called the investor's interest rate risk constraint. It means that, for one basis point instantaneous change of the shortterm interest rate at any time t ∈ [0,T], the change of bond portfolio's market value accepted by investor will be no more than D 0 basis point. Thirdly, the admissible bond portfolio will satisfy some constraint conditions. For example, there may be short sale constraint or loan constraint and so on. In this paper, we assume that there is a closed convex set Γ ⊂ R n , 0 ∈ Γ, such that the admissible bond portfolio processes must satisfy the following constraint conditions:
(3.8)
So we denote
is bounded Ᏺ t 0≤t≤T -adapted process (3.9) to be the admissible bond portfolio processes set. Any α(·) ∈ Ꮽ ad [0,T] is called an admissible bond portfolio process.
Remark 3.1. There are some constraint set in real markets. The first example is 10) which means that there is a short sale constraint in bond market. The second example is, for a given constant α 0 ∈ R,
If α 0 = 0, it means that there is loan constraint in market. In fact, if we denote B(t,x,α(·)) to be the amount of money in bank account owned by the investor at time t, then α(
If the investor wants to guarantee certain liquidity of his portfolio, then he has α 0 > 0. That is, the proportion of the current deposit he has to hold in bank account to his total wealth will be no less than α 0 > 0. Thus, we have
12 Bond portfolio's duration
Corresponding to the case α 0 > 0, we call (3.8) a liquidity constraint. The case α 0 < 0 can be regarded as the case where the ratio of the amount of money that he can borrow from bank account to his total wealth will be no more than −α 0 . The third example is, for given α 0 > 0,
For an initial wealth x and an admissible bond portfolio processes α(·) ∈ Ꮽ ad [0,T], the total wealth of the investor at time T is X(T,x,α(·)). Denote
We call R(T,x,α(·)) the investment yield (or investment return rate) on [0,T]. By (3.4), we have Now we formulate the bond investment term-structure management problem. 
and let
U(T) := sup α(·)∈Ꮽad[0,T] E R T;α(·) . (3.19)
Any portfolio process α
is called an optimal portfolio process of term-structure management Problem 3.2. 
Solution of the term structure management problem
In this section, we want to solve the term-structure management problem by Theorem 3.4 for some special cases. We assume that Γ := α = α 1 ,α 2 ,...,α N ∈ R N | a n ≥ 0, n = 1,2,...,N, For any (t,r) ∈ [0,T] × R, since 0 ∈ Γ(t,r), Γ(t,r) = ∅. Moreover, we can check that Γ(t,r) is a bounded and closed convex set. 
Conclusion
In the definition of traditional duration, it needs to assume that the yield curves are flat and shift in a parallel manner, it is very uncomfortable for practical applications. In this paper, we introduced a new definition of duration of bond portfolios under stochastic interest rate model. This provides a more accurate measurement for the interest rate risk than the traditional duration. Then we considered an optimal bond investment termstructure management problem using this duration as a performance index. Under some technique conditions, the optimal bond portfolio process is obtained.
